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Abstract
To accelerate the pace at which they acquire new information, reinforcement
learning algorithms can select which data to use first for training. In this paper,
we outline a general methodology to perform this selection process, hinting at a
generation of agents which deeply think about their current and future learning
state while selecting their training data. In the context of prioritization methods for
asynchronous dynamic programming, we propose a meta-level technique for state
selection. We show that the method, called meta dynamic programming, together
with its approximations, can provide promising performance improvements while
being grounded on a theoretically sound metacognitive formalization.
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Introduction

High-level cognition permeates many aspects of human intelligence, but it is not always easy to
reproduce and leverage in artificial agents. One of the most crucial of these aspects is the use of
higher levels of cognition for selecting which experience to use next for learning: typically, a human
uses some form of model of its future learning to assess which experience can be maximally useful
given his/her specific learning aptitudes [2, 5]. The goal of this paper is to discuss a formalization for
the problem of selecting on which data point (i.e., state) to learn next in the context of asynchronous
dynamic programming [8].
Acceleration of dynamic programming via state prioritization comes often from heuristics based on
the structure of the underlying Markov Decision Process (MDP) [13]. But, as previously observed in
the context of curriculum learning [4, 6], another, equally important, structure can be leveraged: the
one created by the learning process as a whole [11]. We propose to construct a meta MDP on top of
the original one, in which the reward function is the learning progress [7, 9, 11] of the original agent
and the dynamics is the one implied by the learning algorithm. A meta policy, trained in the meta
MDP, understands the learning state of the agent, as well as the dynamics of its future improvements,
and dynamically selects the state that will be used to update its control policy.
We apply this technique to both policy iteration and value iteration. We prove that, under a budget of
updates, the sequence of states suggested by the optimal meta policy leads to the largest possible value
achievable by policy iteration and we show that, in practice, our algorithms significantly accelerate
dynamic programming.
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Background

We will discuss in the rest of the paper two classes of MDPs [8]. An infinite-horizon Markov
Decision Process is a tuple M = (S, A, P, r, γ), where S is the state space, A is the action space,
P ∈ R|S|×|A|×|S| is the transition matrix, r ∈ R|S|×|A| is the reward matrix and γ is the discount
factor. In this class of MDPs, the sequence of interactions of the agent with the environment has
an infinite length. A finite-horizon Markov Decision Process is a tuple MH = (S, A, P, r, H),
where H is the horizon and the other elements of the tuple are defined similarly to infinite-horizon

MDPs. We will mostly focus on the first class of MDPs, in which the agent selects its actions
according to a policy π ∈ R|S|×|A| . Each policy can
characterized by using a value function
Pbe
∞
V π ∈ R|S| , defined, for each state, as V π (s) = Ep,π [ t=0 γ t r(St , At )|S0 = s], where parentheses
denote accessing specific elements of a matrix. Denoting by P π ∈ R|S|×|S| and rπ ∈ R|S|×|S| the
transition and reward matrices conditioned on a particular policy, the value function obeys to the
policy evaluation equation V π = rπ + γP π V π . To find the optimal policy with maximizes V π at
each state, we consider asynchronous P
versions of value iteration, which directly updates a value
function as V (s) = maxa {r(s, a) + γ s0 P (s0 |s, a)V (s0 )} and policy
iteration, which iteratively
P
evaluates a policy and updates it as π(s) = arg maxa {r(s, a) + γ s0 P (s0 |s, a)V π (s0 )}. The goal
of prioritization methods is to select, at each iteration, a state s to update the policy or value function.
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Meta Dynamic Programming

The idea behind meta dynamic programming is to build a meta MDP on top of the original MDP,
with specifically designed state space, action space, meta dynamics and reward function. To construct
the meta MDP, we start from its final goal: learning a meta policy µ which optimally selects the new
state to provide to the asynchronous dynamic programming algorithm in order to learn fast.
Thanks to this perspective, we already implicitly defined the action space AM ≡ S, which effectively
corresponds to the state space of the original MDP. The missing components for the construction
of the meta MDP, which are the state space, the dynamics and the reward function, directly depend
upon the learning state and dynamics, and thus upon the underlying dynamic programming algorithm
used for optimizing a policy in the original MDP. For this reason, we do now a particularization of
the precise definition of the meta MDP in both the asynchronous policy iteration and asynchronous
value iteration cases.
3.1

Meta Policy Iteration

In the meta MDP, we want the meta policy µ to take its decisions on which state to pick next to
depend on the current learning state in the underlying MDP. This is, in general, because a state that
can lead to fast training in a given moment in the optimization process can also lead to slow training
in another one.
In policy iteration, it is natural to maintain an explicit representation of the policy π across iterations.
This representation fully captures the current learning state of the agent: we would like our meta
policy µ to take decisions on the next state to be sampled depending on the current policy. Although
the space of stochastic policies is potentially infinite, the policy iteration algorithm proceeds in
greedification steps, thus moving from a deterministic policy to another. For this reason, we can
define the state space of the meta MDP to be SM ≡ ΠM , where ΠM is the space of deterministic
policies in MDP M.
Let us now define the dynamics of the meta MDP, which is given by the (deterministic) asynchronous
policy iteration step, given a policy π and a state s:



P
arg maxa {r(s̄, a) + γ s0 P (s0 |s̄, a)V π (s0 )}, if s̄ = s
pM (π 0 |π, s) , 1 π 0 (s̄) =
. (1)
π(s̄),
if s̄ 6= s
Since the objective of the meta policy is to accelerate learning in the original MDP, it is natural to
conceive a meta reward function based on the learning progress of the underlying policy. Defining
a scalar measure of progress requires to have a hierarchy, or simply a distribution over states. We
assume there exists a distribution u ∈ ∆(S) over states, that, in the simplest and perhaps most
common case, can be assumed to be uniform. In this case, the meta reward can be defined as:
h 0
i
rM (π, s, π 0 ) , Es0 ∼u V π (s0 ) − V π (s0 ) .
(2)
Note that it is possible to obtain an equivalent problem by considering a reward function rM (π, s) ,
Eπ0 ∼pM (π0 |π,s) [rM (π, s, π 0 )], which does not depend on the next policy. Lastly, a discount factor β
can be introduced. In a parallel way w.r.t. the underlying MDP, it can have the effect of favoring
states which will lead to fast improvements for policy iteration. With all the components in place, the
meta MDP can be formally defined as a tuple M = (ΠM , S, pM , rM , β). The meta policy will be
2

Algorithm 1 Meta Policy Iteration
Input: MDP M = (S, A, P, r, γ), initial meta policy µ, initial policy π
Build meta MDP MM = (ΠM , S, pM , rM , β)
while not converged do
s ← arg maxs̄∈S µ(π, s̄)
. Select state
V ← (I − γP π )−1 r
.
Evaluate
policy
P
π(s) ← arg maxa∈A r(s, a) + γ s0 ∈S P (s0 |s, a)V (s0 )
. Improve policy on selected state
−1
V ← (I − γpµ
rM
. Evaluate meta policy
M)
P
µ(π, s) ← arg maxs̄∈S rM (π, s̄) + β π0 ∈ΠM pM (π 0 |π, s̄)V(π 0 ) . Improve meta policy on current π
end while

a matrix µ ∈ R|ΠM |×|S| and, being M formally anP
MDP, it can be naturally evaluated by defining
∞
a value function V µ ∈ R|ΠM | as V µ (π) = EpM ,µ [ k=0 β k rM (π̄k , Sk )|π̄0 = π]. V µ provides the
cumulative learning progress expected starting from a particular learning state, as represented by π,
given a future optimization process determined by the combination of the policy iteration procedure
(i.e., the meta dynamics pM ) and the state sampling strategy (i.e., the meta policy µ).
The optimal meta policy µ∗ can be found by using any dynamic programming algorithm, for
instance policy iteration itself. We call Meta Policy Iteration (MPI) the algorithm resulting from the
combination of learning in the meta MDP MM and selecting samples according to the meta policy µ
to learn a policy π in the underlying MDP M. A pseudocode for MPI can be found in Algorithm 1.
Which kind of properties should we expect from the policies found by MPI? To see it more clearly, let
us think about a variation of the algorithm, in which the meta MDP is constructed as a finite-horizon
MDP MM,K = (ΠM , S, pM , rM , K). In practice, this setting implies assuming that, instead of
being theoretically infinite in duration, the optimization process has a finite duration K. In other
words, we are interested in the best policy π that can be found in K steps only. In this context, the
policy obtained by optimizing according the optimal meta policy µ∗ can be characterized by the
following proposition.
Proposition 3.1. Let ΠK
M,π0 be the space of all the policies which can be obtained by performing K
steps of asynchronous policy iteration in the MDP M from an initial policy π0 , µ∗ be the optimal
policy in the meta MDP MM,K , πK be the policy obtained after K steps of asynchronous policy
iteration with states sampled according to meta policy µ∗ . It holds that:
πK ∈ arg max Es∼u [V π (s)]
π∈ΠK
M,π

0

Proposition 3.1 states that, if only a finite budget of policy iteration updates is available, then
improving the policy by using a the strategy implied by the optimal meta policy µ∗ will lead to the
best possible policy affordable in that context. Intuitively, the same idea smoothly generalizes to the
discounted setting, in which the discount β allows for a tradeoff between the quality of the resulting
policy and the number of iterations required to reach it.
3.2

Approximations for Meta Value Iteration

We described how the meta MDP can be designed for the asynchronous policy iteration algorithm.
By leveraging the same construction, we can derive a meta MDP for value iteration as well. While
the meta action space is clearly still the set of states that can be provided to one step of asynchronous
value iteration (i.e., the original state space S of M), the most natural meta state space, which captures
the learning state, is in this case the space of all possible value functions WM in the MDP M. Recent
work studied the geometric properties of this space [3], but we will not focus our discussion on those.
The same reasoning applied to meta policy iteration leads us to the following meta dynamics and
reward functions:



P
maxa {r(s̄, a) + γ s0 P (s0 |s̄, a)V (s0 )}, if s̄ = s
0
0
p̄M (V |V, s) , 1 V (s̄) =
,
(3)
V (s̄),
if s̄ 6= s
r̄M (V, s) , EV 0 ∼p̄M (V 0 |V,s) [r̄M (V, s, V 0 )] , EV 0 ∼p̄M (V 0 |V,s) [Es0 ∼u [V 0 (s0 ) − V (s0 )]]. (4)

The meta MDP for value iteration can be thus defined as M̄ = (WM , S, p̄M , r̄M , β). There is,
however, a computational difference w.r.t. the construction from MPI: while the space of deterministic
3
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Figure 1: (1a): Results for meta policy iteration in randomly generated MDPs (20 runs, 95% C.I.).
(1b): Results for approximate meta value iteration in the forest management MDP (5 runs, 95 % C.I.).
policies ΠM is large but finite, the space of value functions WM is always infinite. Thus, even if
the underlying MDP M is finite, approximate dynamic programming methods should be used for
solving the corresponding value iteration meta MDP.
A rough approximation to constructing the meta MDP altogether is to pick the state s which maximizes
the expected value improvement (either terminal or cumulative) after K steps of synchronous value
iteration. The state to optimize the value function is hence selected by preferring the ones which,
after the asynchronous update on it, yield the best value function in the future. This is related to
running a uniformly random policy in the meta MDP, and effectively accounts for the uncertainty of
the part of the optimization process which is not unrolled. Note that for K = 0, if only the immediate
improvement is considered, this is equivalent to using the Bellman error as a priority, a classic
approach in both asynchronous dynamic programming [13] and deep reinforcement learning [10].
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Empirical Validation

We test the meta policy iteration algorithm in randomly generated discrete MDPs using the toolbox
in [1], with |S| = 11, |A| = 2 and γ = 0.97. We compare it to asynchronous policy iteration with
randomly sampled states and obtain the results reported in Figure 1a. They show that, on average,
MPI is able to reach the optimal policy in just a few steps, verifying in practice the theoretical
advantage outlined in Proposition 3.1.
To assess the performance of the approximate meta value iteration algorithm, we leverage a more
complex MDP with |S| = 192, |A| = 64 and γ = 0.97. The MDP is a realistic formalization of a
forest management problem discussed in [14], in which the agent faces a tradeoff between the profits
that it can make by selling the timber from a forest and the ecological damage that can result from
deforestation. The comparison in Figure 1b includes k-step lookahead algorithms, which take the
state s leading to the largest learning progress at the k-th step, and k-step lookahead sum algorithms,
which consider the sum of the learning progresses up to the iteration k as a priority. To guarantee
convergence, we use an -greedy meta policy with  = 0.1 in both the approaches. The results show
that, while the Bellman Error alone is only able to match the performance of synchronous value
iteration, using the meta MDP, albeit with a rough approximation, allows to converge much faster.

5

Conclusions

In this work, we presented a meta MDP construction, as well as a class of algorithms, to accelerate
asynchronous dynamic programming. We showed, both in theory and in practice, that, by just
modifying the sequence of states provided to the optimization algorithms, the dynamics of the
learning process can get close to optimal under a given data budget. Despite the relative simplicity of
the method and the clear scalability limits of the version we presented, we believe the conceptual tools
we developed for asynchronous dynamic programming can inspire and motivate similar metacognitive
strategies for reinforcement learning [12], in the context of exploration and memory replay.
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A

Appendix

We report here the proof of Proposition 3.1.
Proposition 3.1. Let ΠK
M,π0 be the space of all the policies which can be obtained by performing K
steps of asynchronous policy iteration in the MDP M from an initial policy π0 , µ∗ be the optimal
policy in the meta MDP MM,K , πK be the policy obtained after K steps of asynchronous policy
iteration with states sampled according to meta policy µ∗ . It holds that:
πK ∈ arg max Es∼u [V π (s)]
π∈ΠK
M,π

0

Proof. Let us write the meta value function V µ,0 for the first step of a finite-horizon meta MDP:
#
"K−1
#
"K−1
X
X
µ,0
πk+1
πk
V (π0 ) = EpM ,µ
rM (πk , sk ) = EpM ,µ
Es∼u [V
(s) − V (s)]
(5)
k=0

k=0

"
= EpM ,µ Es∼u

"K−1
X
k=0
πK

##
(V

πk+1

(s) − V

πk

(s))

(6)

= EpM ,µ [Es∼u [V (s) − V π0 (s)]]
= EpM ,µ [Es∼u [V πK (s)]] − Es∼u [V π0 (s)]

(7)
(8)

Being µ∗ the optimal meta policy, it holds by definition of optimality that:
∗

Vµ

,0

(π0 ) = max {EpM ,µ [Es∼u [V πK (s)]] − Es∼u [V π0 (s)]}

(9)

= max {EpM ,µ [Es∼u [V πK (s)]]} − Es∼u [V π0 (s)]

(10)

µ

µ

=

max Es∼u [V π (s)] − Es∼u [V π0 (s)]

π∈ΠK
M,π

(11)

0

In the perspective of the meta MDP, πK is simply the last meta state that is reached by the policy.
Under the optimal meta policy, this last meta state will be therefore the one which maximizes the
function above, which only depends on the last state:
πK ∈ arg max Es∼u [V π (s)] − Es∼u [V π0 (s)] = arg max Es∼u [V π (s)].
π∈ΠK
M,π

π∈ΠK
M,π

0
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0

(12)

